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Abstract Vibrations of oﬀset printing presses are serious problem, which cause many diﬃculties
while printing and impair quality of the prints. The biggest problem lies in construction of printing
unit. It mainly consists of three cylinders, but two of them are in a direct contact generate undesired
vibrations. Construction of the cylinders makes that stiﬀness of the unit varies periodically while
printing. In this paper model of oﬀset printing unit is presented. The model is described by the system
of two parametric diﬀerential equations. Computer simulations of the behaviour of the printing unit
have been performed. Conditions in which parametric resonance appears are also appointed here.
c© 2012 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1204311]
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Oﬀset printing technology is most popular in
graphic industry.1 It is used for production of books,
magazines, newspapers, packaging, leaﬂets and many
others.
The most important system of every printing press
is printing unit. In oﬀset technique it consists of three
cylinders: plate cylinder, blanket cylinder and the im-
pression one,1 shown in Fig. 1(a).
Among many sources of vibrations in printing ma-
chines, the most important seem to be these caused by
cylinders in printing unit. Problem of the construction
of cylinders and its vibratory consequences have been
Plate cylinder
Printing plate
Blanket cylinder
Blanket
Impression cylinder
Cylinder bearers
Locks
Canals
(a) Front section
(b) Cross section
Fig. 1. Oﬀset printing unit.
a)Corresponding author. Email: y.pyryev@wip.pw.edu.pl.
b)Email: j.krzyzkowski@gmail.com.
investigated in several works.
In Ref. 1, the author mentions about cylinder gap
shock (CGS) as a reason of the vibrations of cylinders
which impair the quality of the prints. CGS is related
to sudden decline and afterwards grow-up of contact
between plate and blanket cylinder. This phenomenon
occurs when canals (gaps), which are placed on plate
and blanket cylinders (Fig. 1(b)) meet during the rota-
tion of the cylinders.
Problem of CGS has been also mentioned in other
papers. Measurements of the vibrations of cylinders
on a real printing press have been presented in Ref. 2.
Computations of the displacements of the cylinders
caused by CGS have been carried out in Ref. 3, in which
modal superposition method has been used.
Vibrations of cylinders in oﬀset printing unit are
also the subject of authors’ interests in Ref. 4, where
transversal free and forced vibrations have been inves-
tigated. As a source of vibrations, authors consider the
unbalancing of cylinders due to inaccuracy of bearings.
The latter problem is also referenced in Ref. 2.
Analysis of two degrees of freedom systems with use
of Poincare´ maps has been made in Refs. 5 and 6.
The aim of this paper is to investigate impact of
cylinder gap shock on the vibration of the plate and
blanket cylinders as well as inﬂuence of cylinder bear-
ers on the stability of printing unit. In this paper, CGS
phenomenon is treated as a reason of parametric vibra-
tions in printing unit. Such attitude to the problem has
been used for the ﬁrst time. In the analysis of math-
ematical model of printing unit, Poincare´ maps have
been used.
The investigated oﬀset printing unit consists of a
plate and a blanket cylinder, and it can be modeled
as a two degrees of freedom dynamical system shown in
Fig. 2, where it is assumed, that only these two cylinders
are in direct contact in the printing unit.
Periodic variations of cylinders’ loading are caused
by the periodic changes of stiﬀness and viscosity of the
blanket. Therefore, it can be described by the following
formula
F (t) = k(t)(x1 − x2) + c(t)(x˙1 − x˙2), (1)
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Fig. 2. Model of the oﬀset printing unit.
where
k(t) = kf(t), c(t) = cf(t),
f(t) =
⎧⎪⎪⎨
⎪⎪⎩
1, Tn < t < T2ε
τ2(3− 2τ), T2ε < t < Tε
τ2(3 + 2τ), Tε < t < Tn+1
, (2)
n = 0, 1, 2, · · · ; τ = (Tε − t)/ε, Tε = Tn+1 − ε, T2ε =
Tn+1− 2ε, Tn = nT , T = 2π/ω is an interval of the fall
of cylinders’ load; f(t+ T ) = f(t).
Parameter ε is shown in Fig. 3.
Model presented in Fig. 2 consists of two masses m1
and m2 and three springs with stiﬀness coeﬃcients k1,
k2 and k12. It vibrates, because of the changing stiﬀness
k(t) and viscosity c(t) of the blanket. Therefore model
can be described by the following diﬀerential equations
m1x¨1 + (c1 + c12 + cf(t))x˙1 +
(k1 + k12 + kf(t))x1 − (c12 + cf(t))x˙2 −
(k12 + kf(t))x2 = 0,
m2x¨2 + (c2 + c12 + cf(t))x˙2 +
(k2 + k12 + kf(t))x2 − (c12 + cf(t))x˙1 −
(k12 + kf(t))x1 = 0, (3)
where m1 and m2 are the masses of the plate and blan-
ket cylinder, respectively; c12, c1, c2 and c(t) are vis-
cous damping coeﬃcients of the dampers, which repre-
sent cylinder bearers, the press frame and the blanket,
respectively; k12, k1, k2 and k(t) are stiﬀness coeﬃ-
cients of the springs, which represent cylinder bearers,
the press frame and the blanket, respectively.
Introducing new variables (variables of the state):
x1 = z1, x˙1 = z2, x2 = z3, x˙2 = z4 we obtain
z˙(t) = A(t)z(t), (4)
where z(t) = [z1, z2, z3, z4]
T is the vector of the state;
A(t) is the matrix of the system in the following form
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 0 0
−k1 + k12 + kf(t)
m1
−c1 + c12 + cf(t)
m1
k12 + kf(t)
m1
c12 + cf(t)
m1
0 0 0 1
k12 + kf(t)
m2
c12 + cf(t)
m2
−k2 + k12 + kf(t)
m2
−c2 + c12 + cf(t)
m2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (5)
Matrix A(t) is a periodic one, i.e. A(t+T ) = A(t).
According to Floquet’s theorem, the system (4) is
stable as long as the eigenvalues of monodromy matrix
R have magnitude less than or equal to 1. Another
two methods of the stability analysis on the system are
asymptotic method and generalized Hill’s determinants
method. In this paper, well known conditions of ap-
pearance of parametric resonance are used.7 Areas of
instability should be searched for parameters satisfying
the following conditions7
ω =
2Ωi
n
, n = 1, 2, 3, i = 1, 2, (6)
ω =
|Ω1 ±Ω2|
n
, n = 1, 2, 3, (7)
where Ω1 and Ω2 are eigenfrequencies of the system.
To calculate eigenfrequencies of the system, in
which stiﬀness and viscosity change periodically, re-
placement of Eq. (4) by the averaged equation z˙(t) =
A0z(t), where A0 = T
−1 ∫ T
0
A(t) d t has been done.
Note that A0 is a constant coeﬃcient matrix, i.e. there
is parameter a0/2 in the matrixA(t) instead of function
f(t).
Coeﬃcient a0 has been calculated from Eq. (2):
a0 = 2(1 − ε/T ). For ε = T/16 its value is equal to
a0/2 = 15/16.
We look for “eigenfrequencies” of the system in the
same way, as it is done while calculating eigenvalues of
the matrix.
In this paper the algorithm for numerical integra-
tion of the ODE including periodic function f(t) is ap-
plied.
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Fig. 3. Character of function f(t).
Table 1. Parameters used in computations.
Mass/kg
m1 85
m2 105
Stiﬀness/(N ·m−1)
k1 2.94× 109
k2 3.16× 109
k 2.05× 108
k12 0
Viscous damping/(N · s−1 ·m−1)
c1 4.9× 102
c1 4.9× 102
c12 0
c 9.21× 102
Positions of Poincare´ map5,6 points in the phase
space have been analyzed.
As an example, numerical analysis has been carried
out for the parameters3,4 shown in Table 1.
In the considered case, we calculated roots of char-
acteristic equation |A0 − sI| = 0: s1,3 = −3.707 5 ±
i 5 585.2, s2,4 = −10.698 ± i 6 130.3; eigenfrequencies
of the system: Ω1 = 5585.1 s
−1, Ω2 = 6134.3 s−1;
and periods of eigenvibrations T1 = 0.001 125 0 s, T2 =
0.001 025 9 s, as well.
Parametric resonance occurs for frequencies ω =
2Ω2/n where n = 1, 2, · · · , 7 and for frequencies ω =
(Ω1 + Ω2)/n where n = 1, 2, · · · , 5. As an example,
in Fig. 4 evolution of force F (t) for ω = 2Ω2/7 is pre-
sented. In Fig. 5 numerical analysis for ω = 2Ω2/7
(a) and ω = (Ω1 + Ω2)/5 (b) and for initial conditions
(z1(0) = 0.1 mm, z2(0) = 0, z3(0) = 0, z4(0) = 0) are
shown.
When stiﬀness of cylinder bearers is taken into ac-
count (k12 = 5.09 × 109 N ·m−1), the stiﬀness of the
system grows up. Natural frequencies of modiﬁed sys-
tem are equal Ω1 = 5662.25 s
−1 and Ω2 = 12 044.6 s−1.
Parametric resonance does not appear in this case
(Fig. 6).
The carried out analyses showes, that parametric
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Fig. 4. Evolution of force F (t) for ω = 2Ω2/7, k12 = 0.
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Fig. 5. Poincare´ map z2(z1) (blue circle) and z4(z3) (red
triangle) for the parameters: (a) ω = 2Ω2/7, t ∈ (0, 280T ),
(b) ω = (Ω1 +Ω2)/5, t ∈ (5 500T, 6 251T ), k12 = 0.
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Fig. 6. Poincare´ map z2(z1) (blue circle) and z4(z3) (red
triangle) for the parameters: (a) ω = Ω2, (b) ω = Ω1 +Ω2,
t ∈ (0, 1 000T ), the case with cylinder bearers taken into
account k12 > 0.
resonance almost always occurs in two degrees of free-
dom system when the higher of its eigenfrequencies is
multiplicity of the exiting force frequency.
Analysis of the construction of the printing unit
with cylinder bearers (k12 > 0) and without them
(k12 = 0) showed as follows:
For printing unit without cylinder bearers (k12 =
0) parametric resonance may occur when conditions
Eqs. (6) and (7) are satisﬁed (Fig. 5). When k12 > 0,
magnitude of the printing unit’s stiﬀness grows up to
the level, for which parametric resonance cannot occur
(Fig. 6). It is shown on the Poincare´ maps.
In the investigated model, well known analysis
methods, shown, for instance in Ref. 7, could not be
used. Therefore another attitude has been performed,
in which for computing eigenfrequencies of the system,
Eqs. (6), (7) and eigenvalues of averaged matrix A0 are
used. Correctness of this method has been conﬁrmed
numerically.
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